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Abstract. The dynamical characteristics research of planetary gear system with tooth pitting is 
useful for early fault diagnosis and monitor. However, it is an unsolved puzzle to establish the 
relationship between tooth pitting and dynamical characteristics. In this study, a pitting fault 
analytical model is proposed to investigate the effects of tooth pitting on the gear mesh stiffness. 
Then this mesh stiffness with tooth pitting is incorporated into a dynamical model of planetary 
gear system, and the effects of the tooth pitting on the vibration characteristics is investigated. The 
simulated results show that the time-varying mesh stiffness is reduced with tooth pitting 
propagations along width or depth direction. The mesh frequency and its harmonics are mainly 
frequencies components in the frequency spectrum of dynamic mesh force, but sidebands caused 
by the tooth pitting are more sensitive than the mesh frequency and its harmonics. The tooth pitting 
frequency and its harmonics also increase with the rising rotational speed of the sun gear. In 
addition, both relative statistical indicators of RMS and Kurtosis increase with the growth of tooth 
pitting size. But the relative indicators have different sensitivity on the vibration signal type. These 
results could supply some guidance to the condition monitoring and fault diagnosis of planetary 
gear system, especially to the gear tooth pitting at early stage. 
Keywords: tooth pitting, planetary gear system, mesh stiffness, dynamical characteristics. 
1. Introduction 
Planetary gear system has a lot of advantages such as large transmission ratio, compact 
structure, and power split, is widely used in wind turbine. Due to severe working environment and 
complicated load, the failure of planetary gear transmission system is accounted for 20 % in total 
wind turbine equipment failure [1]. Tooth pitting is as one of the mainly types of gear failure in 
the planetary gear transmission system, the study of its fault signals is of great significance to 
early fault diagnosis and condition monitoring of the planetary gear transmission system.  
The current researches on dynamical characteristics of planetary gear system are mainly 
concentrated on the dynamical model and the dynamical behavior. Kahraman et al. [2] established 
a coupling model including transverse, longitudinal and torsional direction displacement, 
time-varying stiffness, backlash etc. Parker et al. [3, 4] developed a coupled model to analyze the 
natural modes, mesh phasing, ring deformation effects, etc. Some other research topics about 
planetary gear system are mainly concentrated on the load sharing [5, 6], nonlinear dynamics  
[7, 8] and transmission errors [9, 10]. In the study of gear faults, some scholars have carried out 
the study of crack fault [11-14], wear [15, 16] on the fixed axis gear system. Chaari [17] have also 
studied on the influence of manufacturing errors on the dynamic behaviors of planetary gears 
through the frequency domain and energy analysis method. Besides Sharad et al. [18] studied the 
bearing inner and outer ring fault of the planet gear on the dynamical response. But the dynamical 
characteristics research of planetary gear with pitting fault is still less. In addition, the vibration 
transfer path of the planetary gear system is more complex and the fault response is not obvious. 
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And those high-power planetary gear sets work in the environment of low speed and heavy load, 
have the complicated low characteristic frequency compositions. It is difficult to analyze those 
fault characteristic frequencies. So the research on the dynamical modeling and theoretical 
analysis of planetary gear system with pitting is imminent. 
In this paper, the effects of gear pitting are integrated within the mesh stiffness based on the 
potential energy method. Then a dynamical model of four-planet-gear planetary gear system used 
in the wind turbine is employed with pitting mesh stiffness. Further studies about the influence of 
pitting on the system dynamical response are executed, and fault characteristic are also analyzed. 
This research is expected to supply the theoretical information for the condition monitoring and 
fault diagnosis of planetary gear system used in the wind turbine. 
2. Numerical calculation of tooth deformation and mesh stiffness 
The studies on the time-varying mesh stiffness have been published in many former works. 
However, it appears that the reconstruction of these stiffness parameters directly from the results 
of the numerical modeling or the finite element method is very difficult. And few studies consider 
the pitting faults in the calculation model. Here, the original gear mesh stiffness formulation is 
employed based on the work by Wu et al. [19], and Tian et al. [20]. The total potential energy ܷ 
in a pair of meshing teeth includes the summation of the Hertz energy term ܷ௛, bending energies 
term ܷ௕, shear energy term ௦ܷ and compressive energies term ܷ௔. These potential energy along 
the mesh line can be obtained by: 
ܷ௕ = න















where ܫ௫ is the area moment of inertia, ܣ௫ is the area of the section, ܨ is mesh force along the 
action of force, ܧ and ܩ are the Young modulus and the shear modulus, ߙ, ݀, ݀ݔ, ℎ, ℎݔ, ܨ௔, ܨ௕ 
are shown in the Fig. 1, and ܯ is moment of ܨ௔ and h. 
 
a) Single tooth mesh stiffness 
 
b) Pitting direction 
Fig. 1. Model of the spur gear tooth as a non-urtiform cantilever beam with pitting 
Yang and sun’s studies [21] have shown that Hertz contact stiffness is constant in the direction 
of the line of action, and is independent with the contact position and the interpenetration depth. 
It is only proportional to the tooth width. The specific calculation method of Hertz contact stiffness 
is given as follows: 
݇௛ =
ߨܧܹ
4(1 − ߥଶ), (2)
where ߥ is the Poisson’s ratio, and ܹ is the tooth width. 
Accordingly, for a pair of meshing teeth, the total mesh stiffness ݇௠  can be expressed as 
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1/݇௠௕ + 1/݇௠௦ + 1/݇௠௔ + 1/݇௡௕ + 1/݇௡௦ + 1/݇௡௔ + 1/݇௛, (3)
where subscript ݉ represents the sun gear or ring gear, and subscript ݊ represents ݊th planet gear; 
݇௡௕, ݇௡௦, ݇௡௔ represent mesh stiffness of ݊th planet gear caused by the bending deformations, 
shear deformations and compressive deformations, respectively; ݇௠௕, ݇௠௦, ݇௠௔ represent mesh 
stiffness of gear ݉ caused by the bending deformations, shear deformations and compressive 
deformations, respectively; and ݇௛ denotes mesh stiffness caused by Hertz contact.  
Pitting is produced by local stress concentration of tooth surface in the case of the fatigue. 
After working for a long time, tooth surface contact fatigue could cause tooth pitting faults. Then 
a depth of the 0-1000 μm pit could appear [22]. These pitting faults can change the actual meshing 
tooth width ܹ, the area moment of inertia ܫ௫ and the area of the section ܣ௫. As shown in Fig. 1, 
pitting will change the single tooth cross-sectional area of the beam, impact the bending 
deformation, compression deformation and shear deformation. Then the mesh stiffness of single 







ܭ௔ , ܭ௣ = න ܭ௣௜௧(ܹ) +
ௐ೛బ
଴







where ܭ௣௜௧ᇱ (ܹ) and ܭ௣௜௧(ܹ) are mesh stiffness integral unit along tooth width with pitting and 
without pitting, respectively; ܭ௕ , ܭ௦ , ܭ௔  represent bending stiffness, shear stiffness, and 
compressive stiffness, respectively; ܭ௣ is the total mesh stiffness with pitting caused by bending 
stiffness, shear stiffness, and compressive stiffness; ௣ܹ଴, ௣ܹ௡ are the starting position and ending 
position of pitting fault along tooth width, respectively. 
With the joint of Eq. (3) and (4), the changing total mesh stiffness of a gear pair with pitting 
faults can be obtained. 
3. Effect of the tooth pitting on the mesh stiffness 
As the pitting expansion direction is defined by the Fig. 1, a group of pitting faults on the sun 
gear is employed to study the effects on mesh stiffness. These pitting faults are defined as a depth 
of 1 mm, a height of 1 mm and width of 10 mm 15 mm, 20 mm, 50 mm, respectively. And pitting 
faults are on the location of the middle tooth surface along height direction. In the whole sun gear 
and planet gear (S-P) meshing process, meshing position is gradually moved from the tooth top to 
the tooth root. 
 
Fig. 2. The effects of pitting width to the S-P  
mesh stiffness (single-tooth mesh) 
 
Fig. 3. The effects of pitting depth to the S-P  
mesh stiffness (double-teeth mesh) 
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Fig. 2 displays the effects of pitting width on single tooth mesh stiffness of sun gear when 
planet gear is rotate. It can be seen from the Fig. 2, pitting width does not affect on the mesh cycle 
of mesh stiffness, but affect on the value of mesh stiffness. And distinct reduction of mesh stiffness 
also can be observed when pitting grows along the tooth width. 
To study the effects of pitting depth to mesh stiffness, a group pitting faults are employed in 
the middle tooth surface of sun gear. These pitting faults include a height of 1mm, a width of 
10 mm, and the depth of 0.2 mm, 0.4 mm, 0.6 mm, 1.0 mm, respectively. The effects of the pitting 
depth to double teeth area of S-P mesh stiffness are displayed in Fig. 3. From the Fig. 3, pitting 
depth also does not affect on the mesh cycle of mesh stiffness, but affect on the value of the mesh 
stiffness. And the stiffness reduction increases with the growth of pitting depth. 
 
Fig. 4. The effects of pitting positions to the S-P mesh stiffness 
To observe the effects of pitting position to mesh stiffness along the tooth height direction, 
only a pitting fault is taken as a depth of 1 mm, a height of 1 mm, a width of 50 mm. And this 
pitting fault is assumed three positions on the tooth, the root, the middle and the top, respectively. 
Fig. 4 shows the effects of the pitting fault on the total mesh stiffness of S-P mesh. It can be seen 
from the Fig. 4, pitting fault can effect on the mesh stiffness in a meshing period starting time. All 
the stiffness values will decrease when pitting fault appears. The maximum stiffness decreases 
appear in the case of pitting fault in tooth top. And this significant changing area only happens in 
the area of double teeth meshing. The minimum stiffness decreases appear in the case of pitting 
fault in tooth root. In the mesh cycle, the ending time of the significant changing area with pitting 
in is root later than in top. 
4. The influence of the tooth pitting on the dynamical response 
Based on the mesh stiffness model of gear pair with or/and without a pitting fault, a lumped 
parameter dynamical model of flexible pin type four-planet gear system used in the wind turbine 
is established. The mainly structural parameters of this planetary gear system are listed in Table 1. 
The dynamical model of the planetary gear system is shown in Fig. 5 based on the lumped 
parameters. 
In this dynamical model of lumped parameters, each component has vibration amplitudes in 
the three degrees of freedom with rotation and two translations. The vibration amplitudes of the 
sun (ݏ), carrier (ܿ ) and ring (ݎ) are one rotation ݑ݅ (݉ = ݎ, ܿ, ݏ)  and two translations ݔ݅ , ݕ݅  
(݉ = ݎ, ܿ, ݏ). And the vibration amplitudes of ݊th planet gear ݑ݊ (rotational), ݐ݊ (tangential), ݎ݊ 
(radial) (݊ = 1, 2, 3, 4) are defined in a rotating carrier reference frame which is fixed to the 
carrier with the origin at point O.  
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Table 1. Structural parameters of the planetary gear train 
Parameters Sun Planet Carrier Ring 
Number of Teeth ܼ 21 37 – 95 
Modulus ݉ (mm) 15 15 – 15 
Tooth width (mm) 300 300 – 300 
Mass ݉ (kg) 205 289 1596 1538 
ܫ ݎଶ⁄  (kg) 199 271 1847 1681 
Base circle diameter (mm) 286 503 435 1292 
Pressure angle (°) 25 
Supporting stiffness (N/m） 1.32×106 2.13×108 9.85×109 1.01×1010 
Torsional stiffness (N/m） 5.00×1010 0 0 0 
 
Fig. 5. The dynamical model of planetary gear system with twenty-one degrees of freedom 
The supporting bearings ݇௠ (݉ = ݎ, ܿ, ݏ)  and gear mesh stiffness ݇௦(௥)௣௡ (ݐ)  along line of 
action are modeled by linear springs. ݇௣௕ are the supporting stiffness of the planet gear. And the 
rotational motion of the constrained ring gear is described as a high stiffness value spring. Ω௖ is 
angular velocity of the carrier. The dynamic transmission error of the sun gear and planet gear 
(ܵ − ܲ) and ring gear and planet gear (ܴ − ܲ) along the line of action are expressed as ܦܶܧ௦௣௡  and 
ܦܶܧ௥௣௡ , respectively, can be determined as: 
ܦܶܧ௦௣௡ (ݐ) = ݕ௦cos߰௦௡ − ݔ௦sin߰௦௡ − ݎ௡sinߙ௦௡ − ݐ௡cosߙ௦௡ + ݑ௦ + ݑ௡ + ݁௦(ݐ),
ܦܶܧ௥௣௡ (ݐ) = ݕ௥cos߰௥௡ − ݔ௥sin߰௥௡ + ݎ௡sinߙ௥௡ − ݐ௡cosߙ௥௡ + ݑ௥ − ݑ௡ + ݁௥(ݐ), (5)
where ߙ௦௡ and ߙ௥௡ are the meshing angles of the gear pairs ܵ − ܲ and ܴ − ܲ, respectively. ߰௦௡ and ߰௥௡ are the projected angles of the sun gear and the ring on the coordinate of the planets, 
߰௦௡ = ߰௡ − ߙ௦௡，߰௥௡ = ߰௡ + ߙ௥௡ . ݁௦(ݐ), ݁௥(ݐ) are the static transmission errors of the gear 
pairs ܵ − ܲ and ܴ − ܲ, respectively. 
With the Lagrange formulation, all lumped parameters motion equations for the components 
ݏ, ݎ, ܿ and the planets ௡ܲ can be assembled in matrix forms as: 
ܯ ሷܺ + Ω௖ܩ ሶܺ + (ܭ௕ + ܭ௠(ݐ) − Ω௖ଶܭఠ)ܺ = ܶ + ܨ(ݐ),
ܺ = (ݔ௠, ݕ௠, ݑ௠, ݐ௡, ݎ௡, ݑ௡)், (݉ = ݎ, ܿ, ݏ; ݊ = 1,2,3,4), (6)
where ܺ is the vector of the displacements of the system; ܯ௦ is the matrix of the masses of the 
system; ܩ and ܭఠ are the gyroscopic matrix and the centripetal stiffness matrix, respectively; Ω஼ is the angular speed of carrier, ܭ௕ is the matrix of the supporting stiffness of the system; ܭ௠ is the 
matrix of the mesh stiffness of the system; ܶ is the vector of the external torques; ܨ(ݐ) is the 
excitations due to the static transmission errors.  
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To the planetary gear system, pitting is the easiest to occur on the sun gear or the planet gear. 
And the dynamic mesh force (DMF) of sun gear and planet gear (S-P) are most easily affected by 
the pitting. From Eqs. (5) and (6), DMF between the gear pair of sun(ring) gear and planet gear 
mesh can be calculated as: 
ܦܯܨ௦(௥)௣௡ (ݐ) = ܭ௠(ݐ)ܦܶܧ௦(௥)௣௡ . (7)
For the convenience of calculation, the carrier in a counterclockwise direction is defined as the 
positive direction. Then the rotational frequency of sun gear, carrier and planet gear ( ௦݂, ௖݂, ௣݂) 
can be got from the input speed of sun gear. To get the gear mesh frequencies and pitting fault 
frequencies, a rotational speed −Ω஼ is applied to the whole planetary gear system along the carrier 
rotating in the opposite direction. The planetary gear system can be changed to a new fixed axis 
gear system. At this point, the new equivalent rotational frequency of the sun, planets, planet 
carrier and ring are changed as ௦݂ − ௖݂, ௣݂ + ௖݂ 0, ௖݂, respectively. The mesh frequency ௠݂ also 
can be got from the new fixed axis gear system. When the pitting occurs on the surface of the sun 
gear, the sun gear rotates on its axis a round, and pitting tooth can mesh once with every planet 
gear in the new equivalent system. The planet with pitting is similar. Then the pitting fault 
frequency on sun gear and the planet gear ௗ݂௦ and ௗ݂௣ can be obtained from Eq. (8): 
ௗ݂௦ = ( ௦݂ − ௖݂) ⋅ ܰ,    ௗ݂௣ = ௣݂ + ௖݂. (8)
From the Table 1, the characteristic frequencies of the planetary gear system can be obtained 
in the form of ௦݂, as shown in table 2. 
Table 2. Characteristic frequencies of the planetary gear system (unit: Hz) 
Characteristic frequencies ௠݂ ௖݂ ௣݂ ௗ݂௦ ௗ݂௣ 
Values 17.20 ௦݂ 0.18 ௦݂ 0.28 ௦݂ 3.28 ௦݂ 0.47 ௦݂
As a result of gear meshing, the pitting in the middle of the tooth high direction is the most 
common type. Here, a group of pitting faults are taken as a depth of 0.5 mm, a height of 1 mm, a 
width of 50 mm, and are located in the tooth middle position along high direction of sun gear. In 
order to observe the dynamical response in the case of pitting, the sun gear’s input speed is 
changed from 0 to 1000 r/min. Fig. 6 shows the dynamic mesh force (DMF) of S-P with sun tooth 
pitting in the case of 300 r/min. In the Fig. 6(a), the DMF curve of S-P mesh in time domain is 
changed every 16.4 mesh cycle. This means that pitting tooth will mesh with each planet gear on 
every 3.6 mesh cycle. From Fig. 6(b), the vibration signal of DMF is mainly composed of mesh 
frequency (86.0 Hz), sun gear pitting fault frequency (16.4 Hz) and their harmonics. Besides, the 
corresponding spectrum shows that a lot of side-frequencies are observed on both sides of mesh 
frequency and its harmonic compositions. The interval between adjacent two side-frequency is 
16.4 Hz, which is equal to sun gear pitting fault frequency of the first Eq. (8). 
 
a) Time domain 
 
b) Frequency spectrum 
Fig. 6. Dynamic mesh force (DMF) of the planet gear and the sun gear with tooth pitting 
Although spectrum diagram is clear in Fig. 6, the sun gear pitting fault frequencies are included 
in the side-frequency components. But the mesh frequency and its harmonic frequencies are still 
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contained. It is not easy to directly observe the change of the fault characteristic. To further 
extraction of sun gear pitting fault characteristic signal, dynamical response of DMF is dealt with 
by band-pass filtering and Hilbert envelope demodulation. Mesh frequency and harmonic 
frequencies are inhibited, and only pitting frequency and its harmonic frequencies are extracted. 
Then in the range of 0-1000 r/min of sun gear rotating speed, the DMF waterfall diagram of S-P 
mesh with the same sun gear pitting is shown in Fig. 7. As can be seen from the Fig. 7, pitting 
fault frequency and the first three harmonic frequencies are mainly components. And the response 
amplitudes will increase with rotational speed increase of sun gear. But the amplitudes are only 
sensitive to some sun gear rotating speeds, such as 300 r/min or 700 r/min. These amplitudes are 
bigger in these pitting fault frequencies and harmonic frequencies. In addition, Fig. 8 show that is 
the DMF waterfall diagram of S-P mesh with the same sun gear pitting in the range of 
0-60×103 N·m of sun gear load. From Fig. 8, pitting fault frequency and the first three harmonic 
frequencies also can be observed under different load. And the DMF amplitude will increase with 
load increase of sun gear. 
Fig. 7. Waterfall diagram of DMF  
of S-P mesh with pitting on the sun gear 
 
Fig. 8. Waterfall diagram of DMF  
of S-P mesh with pitting on the sun gear 
 
Fig. 9. Frequency spectrum corresponding  
to DMF of S-P mesh with pitting width 
 
Fig. 10. Frequency spectrum corresponding  
to DMF of S-P mesh with pitting depth 
DMF vibration spectrum curve with the growth of the pitting width in the range of 0-50 mm 
is shown in Fig. 9. From the picture, compared with healthy teeth, mesh frequency and its 
harmonic frequencies dominate the vibration response of the planetary gear system when pitting 
occurs. And a large number of side-frequencies appear around the mesh frequency and its 
harmonic frequencies. Similarly, this phenomenon also causes the DMF vibration spectrum curve 
with changing pitting depth. Fig. 10 shows that DMF spectrum curve with changing pitting depth 
in the range of 0-1 mm. These side-frequencies include the pitting fault characteristic information. 
With pitting width or depth increase, the amplitudes of the mesh frequency and its harmonic 
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frequencies rapidly rise. But the amplitudes of mesh frequency and harmonic components are not 
sensitive to pitting width or depth. Only side-frequencies are sensitive to the expansion of pitting 
size. So using this phenomenon of amplitude changes to monitor the occurrence of pitting tooth 
and expansion could be an effective method. 
Some statistical parameter factors of reflecting the vibration level indicators are widely used 
in mechanical fault detection. In order to study the influence of pitting size to vibration response, 
root mean square (RMS) and kurtosis (Kurtosis) are used in here to reflect the influence extent of 
gear pitting. Actual calculation formula is as follows: 








ܭݑݎ = 1/݆ ∑ (ݒ(݅) − ̅ݒ)
ସ௝
௜ୀଵ
[1/݆ ∑ (ݒ(݅) − ̅ݒ)ଶ௝௜ୀଵ ]ଶ
,
(9)
where ݒ is the sample data; ݆ is the length of the data; ݒ is the average of the data. 
To compare the change of statistical parameters with the gear pitting size, the relative 
indicators of statistical parameters due to gear pitting fault can be defined as follows: 
ܥ஽೔ =
ܦ௜ − ܦ଴
ܦ௜ × 100 %, (10)
where ܥ஽೔  is relative indicators of different statistical parameters; ܦ௜  is the actual statistical 
parameter RMS or Kurtosis in the case of gear pitting fault. ܦ଴ is the ideal statistical parameter 
RMS or Kurtosis in the case of the health condition. 
 
Fig. 11. Translation vibrations statistical indicators 
of planet gear versus pitting width  
 
Fig. 12. Rotation vibrations statistical indicators  
of planet gear versus pitting width 
The relative statistical indicators of RMS and kurtosis are defined by Eq. (10). They are used 
to assess the severity of pitting fault. The trends of these two indicators of planet gear translation 
vibration are shown in Fig. 11, and the indicators of planet gear rotation vibration are displayed 
in Fig. 12. With the increase of pitting size, the amplitude of relative indicators  
increases. But different vibration signals have different sensitivity to relative indicators on tooth 
pitting propagation. For translation vibration response of planet gear, no matter what pitting is on 
the sun gear or the planet gear, the relative kurtosis is the most sensitive to the pitting width and 
relative RMS value is less sensitivity. But for rotation vibration response of planet gear, the result 
is just the opposite. In industrial conditions, these fault signals are easily contaminated by noise. 
Besides some useful measures such as install location of the sensors position and signal filtering, 
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the choice of the suitable relative statistical indicators and vibration signal type can also be useful 
for planetary gear fault diagnosis and condition monitoring. 
In this paper, Xiangyang Xu contributed conception of the study, significantly analysis and 
wrote the manuscript; Shaojiang Dong performed the data analyses and manuscript preparation; 
Changrong Liao and Youchuan Tao helped perform the analysis with constructive discussions; 
Zeyin He approved the final version. 
5. Conclusions 
A mesh stiffness analytical model with pitting fault is derived based on the potential energy 
principle. Then a 21 degrees of freedom dynamical model of planetary gear system with pitting 
fault is proposed to study on the effects of dynamic responses. The simulated results demonstrate 
that the tooth pitting can result in the reduction of the mesh stiffness which will cause impulsive 
vibrations on the dynamic mesh force of the planetary gear system. And the deduction of mesh 
stiffness and the impulsive vibrations of dynamic mesh force are more serious with the growth 
along the pitting size. Simultaneously, the presence of the gear tooth pitting changes the frequency 
spectrum structure. It will generate many sidebands around the fundamental mesh frequency and 
its harmonics. And these side-frequencies amplitudes have significant increase with the growth of 
pitting size. But the presence of the pitting has little impact on the amplitudes of meshing 
frequency and its harmonics. From the point of fault frequency, the amplitudes of pitting fault 
frequency and it’s first three harmonics are mainly components. And these amplitudes will 
increase with the rotating speed of the sun gear. In addition, relative indicators of RMS and 
Kurtosis have the different sensitivity to the vibration signal type. These results could be applied 
in the condition monitoring and fault diagnosis of the planetary gear transmission. 
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